We show that a layered superconductor, described by a two-component order parameter, has a gapped state above the ground state, topologically protected from decay, containing flow and counter flow in the absence of an applied magnetic field. This state is made of skyrmions, breaks time reversal symmetry and produces a weak local magnetic field below the present threshold of detection by µSR and NMR/NQR. We estimate the density of carriers that condense into the pseudogap.
I. INTRODUCTION
An important concept in condensed matter physics is that of an order parameter (OP), introduced by Lev Landau in the last century to describe the transition to the superconducting state. Interestingly, one of Landau's first proposals of an order parameter was the supercurrent, also suggested to exist in the microscopic superconducting ground state of Felix Bloch 1 . These ideas were soon dismissed since a spontaneous circulating supercurrent increases the kinetic energy. In this letter we find an excited but stable state with supercurrents, containing flow and counter flow in the layers, even without the presence of an external magnetic field. This is a skyrmion state found to exist in a layered superconductor described by a two-component OP. The decay of the skyrmion state into other configurations of lower free energy is prevented by its topological stability, which gives rise to an energy gap since it lies above the homogeneous state. The skyrmion state breaks the time reversal symmetry and we find that the very weak magnetic field, produced by the spontaneously circulating supercurrents, determines the value of the gap above the homogeneous state. The gap above the ground state, the topological stability and the unusual magnetic order that breaks the time reversal symmetry found here leads us to suggest that the pseudogap of the layered superconductors is indeed a skyrmion state.
We derive the OP and the local magnetic field associated to the skyrmion state from the first order equations (FOE) instead of the second order variational equations. Interestingly A. A. Abrikosov 2 , used the FOE to discover the vortex lattice instead of the second order Ginzburg-Landau (GL) variational equations. The GL free energy only sorts among the possible vortex lattice the one with minimal energy. Later the FOE were rediscovered by E. Bogomolny 3 in the context of string theory and shown to solve exactly the GL second order equations for a particular value of the coupling constant. The Seiberg-Witten equations, which also describe topological excitations, namely four dimensional monopoles 4 , are FOE that belong to the same family of the AbrikosovBogomolny (AB) equations. In this family, the FOE determine the OP and the vector potential associated to topological excitations. In this letter we obtain the topological solutions (skyrmions) associated to another set of equations that belong to this family that lives in the three-dimensional Euclidean space 5, 6 . The existence of topological solutions for the two-component GL theory was pointed out long ago 7 , through a mapping into a nonlinear O(3) sigma model. Recently skyrmion solutions were obtained from the second order equations of the two-component GL theory, but only in the twodimensional limit, due to an uniaxial symmetry along the direction of an applied field 8 . Here we obtain skyrmions as truly three-dimensional topological solutions of the FOE of the two-component GL theory, applied to a stack of layers and without the presence of an applied magnetic field. We find that the skyrmions form an excited gapped state regardless of the shape of the condensate energy.
II. THE SKYRMION STATE
In his original work T. Skyrme made protons and neutrons stable by association to a topologically nontrivial solution of the sigma model 9,10 , the skyrmion, that represents a configuration with particle-like properties. Skyrmions are found in many condensed matter systems with an inner structure constructed over a physical OP. 17 . The present skyrmion state generates a magnetic field h between the layers due to the superficial supercurrent J s circulating in the layers. In this letter we assume a tetragonal symmetric skyrmion state, described by a unit cell of size L. We find here that the skyrmion state exists around the minimum of the magnetic energy density, h 2 /8π, stored between layers, which takes place for a special value of the ratio between the unit cell size and the distance between consecutive layers, d. Surprisingly our theoretically found ratio L/d coincides with the experimentally obtained ratio L ′ /d 18 , where L ′ is the distance between dopants within a copper-oxygen layer. According to R.P. Roeser et al. 19 the tetragonal structure set by L ′ at maximum doping acts as a resonator that we claim here to be that of the skyrmion state, namely, L ′ = L. Indeed since the discovery of stripe order in the cuprates, charge, magnetism and superconductivity are believed to coexist in geometrical periodic arrangements 20 . The skyrmion lattice associated to d and s wave symmetrical OP are shown in fig. (1) . There are two cores of circulating currents for d wave (red), with centers in the middle of the unit cell sides, while for s wave (black) there is only one core centered at the corners of the unit cell. In both cases, there is no net circulation in the unit cell, and yet there is a single sense of intense circulation set in the cores. As seen from above a layer, e.g. the plane of fig. (1) , the h stream lines sink into these cores to re-emerge from below, and pierce the unit cell a second time, forming closed loops. Besides these field stream lines most densely concentrated in the cores, there exists other ones that fully crosses the stack of layers, in the opposite direction relative to the sinking ones, never to come back again, like in an infinitely extended solenoid. The skyrmion cores are small, concentrated pockets of opposite field with 9.4% and 5.3% of the total cell area, for d and s wave respectively. In the pseudogap state the Fermi surface breaks apart leading to the emergence of electron pockets for hole-doped cuprates 21 . This transformation of the Fermi surface has been suggested to be a consequence of a new periodicity that sets in the system 22 . We find strong similarities between the electron-hole duality and the flow-counter flow circulating supercurrents of the skyrmion state.
The skyrmion's topological charge is obtained by integration over a single layer, at
and one obtains that Q=-2 and -1 for the d and s wave states, respectively, in agreement with the plotted solutions of fig. (1). Clearly the time reversal symmetry, ( h → − h), is broken by the skyrmions.
III. THE NUMBER OF CARRIERS IN THE PSEUDOGAP
The normal state of the underdoped cuprate superconductors is unusual because it reveals a gap, the socalled pseudogap 30 that breaks the time-reversal symmetry [31] [32] [33] . The interpretation of the pseudogap as a skyrmion state leads to an estimate of the number of carriers that condense in the pseudogap of the cuprate superconductors, n pg . We obtain here that n pg ∼ 10 −4 nm −3 , or 0.01% of the Cooper pair density in the cuprates. experiments set a very restrictive limit to the maximum magnetic field inside the superconductor, hereafter called h max .
We obtain here that the gap density of the skyrmion state is F k ∼ 0.1 h max meV.nm −3 , where h max is given in Gauss. For the single-layer cuprates the inter-layer distance is d ≈ 1.0nm. To fix ideas we take that h max ∼ 0.01 G, thus below the above experimental thresholds, and obtain for the gap density that F k ∼ 10 −3 meV.nm −3 . Recall that the BCS superconducting state which lies below the normal state and has a gap density of F gap = 2∆n g , where 2∆ is the energy required to break a single Cooper pair and n g represents the density of available Cooper pairs, namely n g = 0.187∆n/E F , n and E F being the electronic density and the Fermi energy, respectively. Then one obtains that the gap density for metals is F gap ∼ 10 −4 meV.nm −3 since n ∼ 0.1 nm −3 , ∆/E F ∼ 10 −4 and 2∆ ∼ 1.0 meV. A similar estimate for the cuprates gives that the gap density is F gap ∼ 10 meV.nm −3 , considering that the gap is ten times larger than that of metals, 2∆ ∼ 10 meV, and n g ∼ 1.0 nm −3 , since there are a few Cooper pairs 42 occupying the coherence length volume, ξ 2 ab ξ c , where ξ ab ∼ 1.5 nm, ξ c ∼ 0.3 nm. Our estimate of n pg follows from the assumption that the skyrmion gap (pseudogap) is equal to the superconducting gap. Then the large wavelength limit of the kinetic energy (eq. (14)) reveals the pseudogap density for the cuprates, since F k → 2∆ pg n pg ∼ 10 −3 meV.nm −3 and by assumption, 2∆ pg ∼ 10 meV.
IV. THE THEORY
We consider the scenario of a layered superconductor above its critical temperature T c such that its free energy density is widely dominated by the kinetic and field density energies over the condensate energy, to the point that this last one can be neglected. Notice that the presence of a condensate energy will not affect the stability of the skyrmions, which is of topological nature. Then the free energy density, is just the sum of the kinetic energy and field energy densities 5, 6, 43 ,
where · · · ≡ d 3 x/V (· · ·) and V is the bulk volume.
There is minimal coupling, D = (h/i) ∇−(q/c) A, and the local magnetic field is h = ∇ × A. We solve the resulting variational equations for a set of equally spaced superconducting layers, separated by d, with metallic filling between them. The layers carry a superficial current J s , which must also be determined. We do this by the first order equation (FOE) method, which solves Ampère's law exactly, ∇ × h = 4π J/c, J = (q/2m) Ψ † DΨ + c.c. , and the Ginzburg-Landau equation, D 2 Ψ = 0 approximately, meaning that, instead, we solve exactly the socalled integrated equation, Ψ † D 2 Ψ = 0, which can also be expressed as | DΨ| 2 − (h/2) ∇ 2 |Ψ| 2 = 0. The FOE method relies on the following identity, which allows for a twofold view of the kinetic energy 6 :
From it an equivalent, but distinct, formulation of the current density is obtained,
Imposing that the order parameter satisfies
leads to the exact determination of the local field from Ampère's law,
where µ B =hq/2mc is Bohr's magneton. Thus for fields that satisfy the FOE, eq.(3) becomes:
Introducing eq. (7) into the integrated equation gives that ( C − 4πµ B Ψ † σΨ) · Ψ † σΨ = 0, which is exactly solved for the following choice of integration constant:
Thus one obtains that,
Eqs. (5) and (6) are nonlinear and must be solved iteratively. The first one determines Ψ while the second one, h. We solve them in the lowest order approximation, that is, firstly Ψ is obtained from eq. (5) in the absence of h, and, next, h is determined from eq.(6), using the known OP solution. The success of this lowest approximation relies on the fact that h must be very weak, such that no further iterations of the FOE are needed. For the case of a single layer, the solution of σ · ∇Ψ = 0 is, for x 3 = 0,
c k e −k|x3| e i k· x 1 −i k+ k x3 |x3| (11) where k ± = k 1 ±ik 2 . The space-time symmetries are broken, namely, the reflection symmetry, x 3 → −x 3 , and also the time reversal symmetry, k + → k − . Although these features reflect our particular choice of a basis, they are intrinsic to the solution and cannot be removed from it. Notice that the density Ψ † Ψ and Ψ † σ 3 Ψ are continuous across the layer, and so is h 3 , according to eq.(6). Nevertheless Ψ † σ 1 Ψ and Ψ † σ 2 Ψ are discontinuous across the layer, and so is h ≡ h 1x1 + h 2x2 , and, consequently, there is a superficial current density,
We next solve σ · ∇Ψ = 0 for a stack of layers under the simplifying assumption that all layers are identical:
.
(13)
The field h is obtained analytically by introducing eq. (13) into eq. (8) firstly, and next to eq.(6). There is a fundamental difference between single and multiple layer solutions described by eq. (11) and (13) Physically this means that h has opposite signs in 0 < x 3 < d/2 and d/2 < x 3 < d, and consequently there is a non-zero J s in the layers. F k and F f are well defined only outside the layer, thus excluding x 3 = 0. The same holds for the multilayer solution of eq.(13), limited to 0 < x 3 < d.
The gap density of the skyrmion state follows from eqs. (9) and (13), which give that, The gap is not very sensitive to the small k regime as shown by the two limits of the function f (z) = z/ tanh(z), z ≡ kd/2: f (z → 0) → 1, and f (z = 1) ≈ 1.3. Nevertheless the region near to z = 1 matters, because, as shown below, there lives the skyrmion state, which is stable.
V. THE D-AND S-WAVE MODELS
Here we select the coefficients c k in eq. (13) state than ψ u , because k + adds an extra angular momentum besides breaking the time reversal symmetry. For simplicity only the lowest fourier terms are included, and so, k = 2π n/L, n = n 1x1 + n 2x2 , where, n i = −1, 0, 1, i = 1, 2. For the totally inhomogeneous state n 1 = n 2 = 0 is excluded.
The very weak h of the skyrmion state yields a negligible F f as compared to F k , and consequently, to the gap density of eq. (14) . The search of the optimal unit cell ratio, L/d, that minimizes F f also determines the region of existence of the skyrmion state, which lives near this minimum. According to eq.(10) F f plunges to a minimum within a small L range window, around L/d ∼ 3 and 4 for d and s wave symmetries, respectively, as shown in fig.(2) . The values d2 and s2 correspond to such minima while the other points (d1, d3) and (s1, s3) are arbitrary selections chosen below and above these minima. Fig.(2) shows that the d-wave state (red curve, left scale) has almost ten times less stored magnetic energy than the s-wave state (black curve, right scale). Figs. (3) and (4) show that the region around the center of the skyrmions are pockets of h 3 < 0, thus in opposite direction to the majority of the unit cell, which features h 3 > 0. The configurations of figs. (3) and (4) correspond to the three selected L/d ratios of fig.2 . The same red to blue scale applies to each of the three displayed cases. The (cyan) cones of figs.(3) and (4) depict h slightly below and above a layer, respectively. Because all layers are equivalent, the bottom plane of (cyan) cones shows h slightly above a layer. Conversely, the top plane of (cyan) cones shows h slightly below a layer. In this way the cones around the center of the skyrmions clearly show the discontinuity of h , and so, the presence of J s in the blue regions. Regions with a dominant h 3 component, have very weak J s , because h 3 is continuous across the layer. These regions take most of the unit cell, specially its center, where (cyan) cones point upward, but there is also the center of the skyrmions, where h 3 < 0. Notice that the configurations (d2, s2) contain more green color (h 3 = 0) than the (d1, s1), and (d3, s3) ones, respectively, in agreement to the fact that there the lowest magnetic energy is reached. Although (d3, s3) are the configurations with most intense fields (red, h 3 > 0; blue, h 3 < 0), their magnetic energies are larger than that of (d2, s2). The same holds for (d1, s1), which are the configurations with less h 3 < 0 regions as compared to the others.
The present FOE follow from a more general Lichnerowicz-Weitzenböck formula 6 , that treats superconductivity in presence of spatial inhomogeneities caused by external spin and charge degrees of freedom that bring curvature and torsion to space, as in the geometrical approach ofÉlie Cartan 44 . We hope that the present macroscopic approach will bring some understanding to the microscopic mechanism of pairing in the underdoped regime of the cuprates 45 .
VI. CONCLUSION
Using the first order equations we show that the twocomponent order parameter layered superconductor has a topologically stable inhomogeneous state with a gap above the homogeneous ground state. It breaks the time reversal symmetry and produces a very weak inner magnetic field. It is made of skyrmions, whose cores form pockets of negatively oriented magnetic field in the layers. For all the above reasons we suggest that the pseudogap is a skyrmion state.
